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Orientation

m Exercise 1.1 Hypothesis 7T implies that Hilda spoke truly. Given what Hilda said,
this implies that at least one of Hilda and Godiva is a liar, contradicting 77. Hypotheses
LT implies that Hilda spoke falsely; this implies that it is not the case that at least one
of Hilda and Godiva is a liar, contradicting LT. Hypothesis LL is inconsistent with
the evidence for the same reason. Hypothesis 7L implies that Hilda spoke truly, which
in turn implies that at least one of Hilda and Godiva is a liar. But here there is no
contradiction, because Godiva can be a liar (as the hypothesis states).

m Exercise 1.2 Here we will speak of events rather than hypotheses, to match the
terminology in Appendix A. Let Pr be the probability measure representing your degrees
of belief before you receive Hilda’s answer to the question ‘is at least one of you a liar?’
Let E be the event that Hilda replies ‘yes’. We wish to calculate Pr(7TL|E). By Bayes’
theorem, we have
Pr(TL)
Pr(TL|E) —Pr(E|TL)W. (1.1)

Since TT,TL, LT and LL are mutually exclusive events and Pr(7TTUTLULTULL) = 1,
the law of total probability gives

Pr(E) =Pr(E|TT)Pr(TT) + Pr(E|TL)Pr(TL)+
Pr(E|LT)Pr(LT) + Pr(E|LL)Pr(LL).
We are supposing that ‘people act against type 20% of the time’. That means
Pr(E|TT) = Pr(E|LT) = Pr(E|LL) = 1,
while Pr(E|TL) = ‘5‘. Finally, we are given that
Pr(TT) =Pr(TL) =Pr(LT) =Pr(LL) = 1.
Plugging everything into equation (I.I]), we have

4

1 L -7
+35)X3

1
Pr(TL|E) = £ x =
HACEERY!



Orientation

m Exercise 1.3 ‘Given a series of clinical measurements from a single individual,
including blood sugar levels, weight, height, blood pressure and so on, predict whether
that person has diabetes’: this is a classification task.

‘Given a photograph of a plant, predict the plant’s species’: this is a classification
task.

‘Given an audio recording of a person speaking, predict the person’s age’: this is a
regression task.

m Exercise 1.4 Here we have two variables: volume of gunpowder, x, and distance
travelled by the cannonball, y. The question asks us to predict how much gunpowder
is needed to make the cannonball travel a distance y = 7. There are two possible
approaches: we could treat y as the predictor and x as the response, or vice-versa,
corresponding to two different prediction functions. Writing these f and § we have

2= 1)

y=280).
In the second case we’d need to invert the prediction function in order to predict x
given y. That is £ = g~ (). If we think that the distance travelled by the ball is equal
to some deterministic function of x, plus some random noise which doesn’t depend on
x, then there are principled reasons (to be discussed in later chapters) why we might
prefer to treat x as the predictor. The question indicates that ¢ is a member of the family
g(x) = Bx where 8 > 0 is parameter which we must choose.

One way to find S is to minimise the residual sum of squares between predictions
and data. For an arbitrary prediction function g, this is

RSS(g) = ) (v - g(x))”.
(xy)

In our example,
RSS(B) = (B-5)*+ (28— 11)* + (38 — 14)* = 342 — 1385 + 14/8°.

The smallest value of the RSS function is achieved when RSS’(B) = —138 +288 =0
so 8 = 69/14 ~ 4.93. Hence our prediction function is § = 69x/14. Inverting this
relationship, our prediction for the volume of gunpowder needed to fire the ball a
distance 7 is £ = 7 x 14/69 = 98/69 ~ 1.420.

Now suppose we treat y as the predictor and let f(y) = ax, so

RSS(@) = (S — 1)? + (11a = 2)* + (14a — 3)* = 14 — 138 + 3420

which is minimised when @ = 138/684 ~ 0.202 so £ = 138y/684. Using this model, the
predicted gunpowder volume to fire the ball 7 distance unitsis £ = 161/114 ~ 1.412. We
will see in later chapters that these two approaches correspond to different probabilistic
models of the relationship between y and x.
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m Exercise 1.5 (a) Let U and U’ be i.i.d. d-dimensional random vectors with each

(b)

coordinate selected uniformly and independently at random from [0, 1]. The square
of the distance between them is the random variable

d
U -0'? =" (U; - U)>.

i=1
We are given that the expectation of each (U; — U;)?* is y; thus,
E[|U-U'|*] = ud.

We are also given that the variance of each (U; — U})* is o%. Since the variance of
the sum of independent random variables is the sum of the individual variances, we
have

Var[||U - U'||?] = o%d,

corresponding to a standard deviation of o-Vd.

We can divide all distances by d without affecting distance ratios. The above results
imply that the random variable |[U — U’||?/d, representing an arbitrary pair of points,
has mean y and standard deviation o-/Vd. As we increase d, the standard deviation
collapses; thus the ratio of the largest to the smallest inter-point distance approaches
lasd — oo.
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Supervised learning warm-up

m Exercise 2.1 The residual sum of squares RSS(c; D) is a quadratic function of c,
and the coefficient of the ¢? term is positive. It therefore has a single stationary point
which is the global minimum. We find it by solving % = 0 for c.

Since

dRSS u
=2 § o
T 2 (yi—o),

the RSS-minimising value of ¢, which we denote ¢, satisfies

i()’i -¢)=0.
i=1

Rearranging, we obtain

m Exercise 2.2 (a) The residual sum of squares RSS(8; D) is a quadratic function of
B, and the coefficient of the 82 term is positive. It therefore has a single stationary
point which is the global minimum. We find it by solving %;S = 0 for .

Since
dRSS N
—= =2 ) (i = Bxi)xi,
Ry
the RSS-minimising value of 3, which we denote S, satisfies

n

in(Yi _,éxi) =0.
i=1
Rearranging, we obtain
5 Ziel Xidi
B=5
Zi:l xl
(b) B =0.63.
(c) (to do)



Supervised learning warm-up

m Exercise 2.3 Define function f by

£(x) y if (x,y) € D,
X) =
—1000 if there is no y such that (x,y) € D,

where D is the Queen’s inventors’ dataset. This definition works — i.e., it successfully
picks out a function — because dataset D happens not to include any pairs of points of
the form (x, y), (x, y") with y # y’. (Although we referred to D to pick out f, this is not
essential: f really does exist as a mathematical function, and we could in principle have
specified it without mentioning D.)

Now let SILLY be the singleton function family { f}. What happens when we look
for the element of SILLY that minimises RSS on D, or on some portion of D, or (in
fact) on any set of datapoints whatsoever? We get f, because that is the only element
of SILLY. Since f maps every x value that occurs in D to the co-occurring y value,
SILLY s cross-validation error on D is zero. Nevertheless, f maps any x value that does
not occur in D to the ludicrous y value of —1000.

If you prefer an example in which the “fitting’ procedure is non-trivial, you can instead
define the parameterised function f(—; 6) by

F(x:0) y+6 if (x,y) € D,
x;0) =
—1000 + 6 if there is no y such that (x,y) € D.

Let SILLY?2 be the associated function family, i.e. { f(—; 0) : 6 € R}. When we look for
the element of SILLY?2 that minimises RSS on D, or on some portion of D, we obtain
f(=;0) (that is, we find 4 = 0).
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Unsupervised learning warm-up

m Exercise 3.1 The trial could be defined as follows.

1 Pick a digging location (x, y) uniformly at random from a very large rectangle (large
enough to contain all the buried hoards).

2 Dig a deep hole one spade-width wide at this location.

3 If you find a hoard here, return location (x, y) as the result of the trial; halt.

4 Otherwise, go to 1.

(That is a trial one could imagine actually conducting. But if we are content with a
purely mathematical definition, matters are simpler. There is some finite set S of buried
hoards. Pick a member of S uniformly at random, and return its location (x, y).)

m Exercise 3.2 This is a ‘classic’ integral which is worth knowing how to evaluate.
We present the standard method, which involves squaring the integral and changing to
polar coordinates. Making the change of variables z = (x — u) /o we have

© (x—,,l)z) 1 /‘” oy J
exp | — dx = ez/dzz—’
Lo PO p( 207 Vo on

where J is the value of the z-integral. Squaring J we have

J? :/we_x2/2dx/we"y2/2dy:/m/we‘(x2+yz)/2dxdy.

Making the change of variables x = r sinf, y = r cos @ where r € [0, c0) and 8 € [0, 27]

we have
o 2 0
J? = / / e " Prdrde = 2n [—e”z/z] = 2.
0 0 0

Hence J = V27 and

/00 ! exp(—(x_ﬂ)z)dx—i—l
—0o0 O'\/E 202 \/ﬂ .

m Exercise 3.3 L,q(6) is the joint probability density function for n i.i.d. samples
from the Gaussian distribution N (u, 02).



Unsupervised learning warm-up

m Exercise 3.4 We have
] n
(o) = =5 ;m - 1)~ nlog o = 2 log(2r).

In the degenerate case where x; = u for every i, there is no maximum: €(u, o) increases
without bound as o — 0. We’ll assume we’re not dealing with the degenerate case.
The partial derivatives are

ot 1 <
@ = Py Z(xi - H)
i=1

and
ot n 1 < ?
el DY

Solving for 2—f =0 and g—[ = (0, we obtain
/i o

L1
ﬂ:;;xb

ln
N Y
o _ni;(xl a)-.

This is the only stationary point, and from the form of £(u, o) it is clear it must be a
maximum. (£(u, o) is a continuous function which tends to —co when o becomes very
small or very large, and also when y tends to +oo or -00.)

m Exercise 3.5 Each of u;, y, and p; is a two-dimensional vector, while o, 0>, 03,
wi and w, are all scalars (one-dimensional). When all these parameters are bundled
into a single vector 6, this vector has 3 X 2+ 5 x 1 = 11 components.

m Exercise 3.6 Each of u, ..., u; is a two-dimensional vector, while o, . . ., o} and
Wi, ..., Wi are all scalars. When all these parameters are bundled into a single vector
0, this vector has 2k + k + k — 1 = 4k — 1 components.

m Exercise 3.7 This exercise is answered in the main text.
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Interlude: probability, likelihood and Bayes

m Exercise 4.1 A false alarm would be somewhat surprising, as they occur on only 1%
of non-invasion days — but an actual alien invasion would be much more surprising.
Intuitively, therefore, it would not be wise to conclude that an invasion is in progress
simply on the grounds that the invasion alarm bell is ringing.

m Exercise 4.2 The measure of fit we used in Chapter 3 was

€(8;D) = > log f(x;0),
xeD
where f was a probability density parameterised by 6. Each possible value of € corre-
sponds to a hypothesis: namely, that the elements of D are i.i.d. observations from the
density f(—; @). Since we have, equivalently,

€(8;D) =log [ | f(x:0),
xeD
and since [],.p f(x; 6) is the conditional probability density of the data given hypoth-
esis @, we recognise ¢ as the logarithm of the relevant likelihood function.

m Exercise 4.3 Given a dataset D, inventing hypotheses whose likelihoods are 100%
will always be trivial task. For example, one can hypothesise that an omnipotent deity
ensured that the outcome of the experiment must be (precisely) D. The conditional
probability of the data given this silly hypothesis is 1. And of course one can invent
many other hypotheses that have this feature. (Replace omnipotent deity by mysterious
alien technology, etc.)

m Exercise 4.4 From the definition of conditional probability, we have

Pr(H|D) = %
and
Pr(D|H) = —PrI(’I:(:I)D )



Interlude: probability, likelihood and Bayes

Together, these imply
Pr(H)

Pr(H|D) = Pr(DIH) g 5.

m Exercise 4.5 Here we take D to be the observation that our (single) invasion alarm
has rung today. Applying the Bayesian updating rule followed by Bayes’ theorem, we
have
Pl'/ (Hinv) = Pr(Hinv|D)
Pr(Hinv)
Pr(D) °
We know that Pr(D|Hy,,) = 1, because the alarm is sure to sound if there is an invasion.
We also know that Pr(H;,,) = 107, since that was specified as the prior. To calculate
Pr(D), we use the rule of total probability:
PI'(D) = Pr(D|Hinv)P(Hinv) + Pr(D|Hnull)P(Hnull)
=1x107°+0.01 x (1 -107%)
~ 0.01.

= Pr(DlHinv)

Notice that we put Pr(D|H,,;) = 0.01 here, since there is a 1% chance that the invasion
alarm rings if Hyy is true. Putting it all together, we have
107

Pr'(Hiy) ~ 1 x — = 107%.
F(Hin) > X 507

m Exercise 4.6 Now we suppose that we have fifty independent invasion alarms, and
we take D to be the observation that all of them have rung today. The Bayesian analysis
and calculation go through as in the previous exercise, except that now Pr(D|H,,) =
0.01°° = 1071, a vanishingly small probability. Thus

PI'(D) = Pr(D|Hinv)P(Hinv) + Pr(D|Hnull)P(Hnull)
=1x10%+107" x (1 -107%)
~ 107°,

and
107°
/ ~ —_—
Pr'(Hy,y) = 1 % To6 = 1.
Fifty independent alarms ringing is such strong evidence that it overwhelms the strong
prior against the invasion hypothesis. In the scenario envisaged in this exercise, you

should be almost certain that aliens are indeed invading.
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Probabilistic modelling

m Exercise 5.1 (a)

(b)

m Exercise 5.2

£(6) = ) log fyix(yili: 0)
k=1

:ilOg( ! exp (—M))
k=1 V2r 202

oV2n

= 5 DOk - 8 )’ ~ nlog(Varo)
k=1

m Exercise 5.3 (a) The parameters of the model are 8 and o-. We can bundle these two
parameters into a single parameter vector 8 = (8, o).
(b) We have

L£(6:D) = frx () = [ | frixOelei: 6),
k=1

10



Probabilistic modelling

SO

(0;D) =log L(0;D) = Zlog frix(Velxi; 9)

k=1

Z": i ( 1 _Grpd)? )
= og e 202
k=1 V2ro

1 n
= —F Z()’k —,Bxi)z - nlog(\/ﬂa).
k=1

(c) From the form of the log-likelihood, we see that maximising ¢ with respect to S is
equivalent to minimising RSS(B) = X%_; (v« —Bx7)?. The RSS is a quadratic function
of B, and the coefficient of the 8% term is positive. It therefore has a single stationary

point which is the global minimum. We find it by solving d:}—;s = 0 for S. Since

dRSS .
RS 2N - )
B A

the RSS-minimising value of 3, which we denote f3, satisfies
> - ) = 0.
k=1

Rearranging, we obtain
n 2
D=1 YEX,
n 4
D=1 Xy

B=

(d) B~ 1.058. (plot to do)
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Frequentist and Bayesian uncertainty

m Exercise 6.1 The random dataset now takes the form D = {(X;,Y;)}",.

m Exercise 6.2 (a) If D = {1},i.e. the single coin toss yielded heads, then the likelihood
function is £(6) = 1.
(b) If D = {0}, i.e. the single coin toss yielded tails, then the likelihood function is
L(9) =0.
(c) Neither of the constant functions above can be interpreted as a probability density
function over possible values of 6, because neither satisfies f_ t:ﬂy L(0)do = 1.

m Exercise 6.3 From the compact definition, we have Pr(X = 1;p) = fx(l;p) = p
and Pr(X =0; p) = fx(0; p) = 1 — p, which matches the original definition of Pr.

m Exercise 6.4 The assumption that the X;s are independent would be violated.

m Exercise 6.5 1If X;,...,X, are i.i.d. with X; ~ Bernoulli(p) for each i, then their
sum S, = X1, X; is binomially distributed, S, ~ Binomial(n, p). We have E[S,,] = np
and Var[S,] = np(1 - p).

m Exercise 6.6 The maximum likelihood estimate is p = % = 0.7. The plug-in

estimate of the estimator’s standard error is /2 ('25’5 ) ~0.10.

m Exercise 6.7 We have

12



Frequentist and Bayesian uncertainty

Since E[ X;] = p for each i, this implies

n

Bl(X)] = > p

i=1

In other words, the expected value of the estimator is equal to the true sex ratio. The
estimator is unbiased.

m Exercise 6.8 Since 0 lies somewhere on the real line, the three events 6 < a(X), 6 >
b(X), and 0 € [a(X), b(X)] are jointly exhaustive. They are also mutually exclusive.
Thus, their probabilities must add to 1, and we have

Pr(6 € [a(X),b(X)]) =1 -Pr(f < a(X)) - Pr(6 > b(X)).

If Pr(0 < a(X)) = Pr(6 > b(X)) = /2, then it follows that Pr(0 € [a(X), b(X)]) =
1 — a. The converse does not hold, however. We could in principle have an asymmetric
1 — @ confidence interval, where the probabilities Pr(6 < a(X)) and Pr(0 > b(X)) are
unequal (but still sum to ).

m Exercise 6.9 The maximum likelihood estimate of the sex ratio is p = % =0.549.

The plug-in estimate of the estimator’s standard error is % ~ 0.0157. Using the
‘9()_() + 2 X se(x)’ method of constructing 95% confidence intervals presented in the
text, we obtain the approximate 95% confidence interval for p of 0.549 + 0.031 or,

equivalently, [0.518, 0.580].

m Exercise 6.10 We have

a=Pr(Z > z,)

=1-Pr(Z < z,)

=1-®(z,),
SO

D(zy)=1-0.
Butsince @ : R — (0, 1) is a monotonic function, it is invertible. The previous equation
therefore implies

Za=07'(1-0).

m Exercise 6.11 We are testing

1 1
Hy:p< = H :p>-.
oI p 3 versus H; : p >

13



14 Frequentist and Bayesian uncertainty

This is a one-sided test. We reject Hy if

pP(X) -3
— = > Za»
se
where « is the significance level. We have p(x) = 0.549 and se = % ~ 0.0157.
Thus we reject Hy if
0.049

0.0157

To test at the 5% significance level, we set @ = 0.05. Since zo05 = ®71(0.95) ~ 1.645,
we comfortably reject H at this significance level.

The p-value is the strictest significance level at which we would reject Hy. We can find
that threshold by solving 3.114 = z, = ®!(1 — @) for a. We have 1 — a = ®(3.114),
and so @ = 1 — ®(3.114) = 0.00092, or approximately 0.1%.

~3.114 > z,.

m Exercise 6.12

1

£¢(0) = /0 Fr(0, p)dp
1

=/0 2p(1 = p)dp

IRL
_|2_%423
|57

W =

fx(l):/O fx.p(1,p)dp

1
= / 2p*dp
0
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m Exercise 6.13

1
fX(1)=‘/0 fx.p(1,p)dp
1
:/0 fp(p) fxip(1lp)dp

1
= /0 fxip(1lp)dp

1
=/pdp
0

m Exercise 6.14 We have already seen that the posterior is

feix(plx1) =2p.
Since pMAP is the value of p (in [0, 1]) that maximises this quantity, it is clear that
AMAP
p =1.

Computing p™ requires an integral. We have

1
ﬁPM=/ pfrix(1, p)dp
0

!
= / 2p*dp
0

m Exercise 6.15 (a) The likelihood £ (p) is the probability of observing X = x accord-
ing to hypothesis H,,. That is

Lp) =[]
i=1
so the log-likelihood is

t(p) = ) milogp;.
i=1



16 Frequentist and Bayesian uncertainty

To prove the final equality, we’ll need the definition of the Kullback-Leibler divergence
(Appendix C) and a bit of algebraic juggling. Starting from the right-hand side, we
have

> milogm; = nlogn — nKL(p*||p) = ) m;logm; —nlogn—n )" p;log (p—)
i=1 =1 P} Pi

= Zm,-logm[ —nlogn — Zmilog (ﬂ)
= i=1 npi

=-nlogn+ Z m;(logn +log p;)
i=1

= i m; log p;,
i=1

where in the last step we have used the fact that 3.7, m; = n.

(b) Maximising the likelihood is equivalent to maximising the log-likelihood. The only
term in the expression for £(p) that depends on p is the term involving the Kullback-
Leibler divergence. To maximise £( p) with respect to p, we seek the value of p that
minimises KL(p*||p). As shown in Appendix C, this value is just p*.

m Exercise 6.16 An overfitted model mistakes noise for signal and therefore underesti-
mates the variability of the dataset-generating process. If we sample from the overfitted
model, the replica datasets we obtain will all look rather like the actual dataset (i.e.,
they will resemble it more closely than datasets obtained from genuine reruns of the
experiment would). Thus, when we use the parametric bootstrap to measure uncertainty
in the overfitted model’s parameters, we will get false reassurance. The non-parametric
bootstrap is potentially more useful in this situation because it lets us estimate sampling
distributions in a way that does not rely on the overfitted model.

m Exercise 6.17 To implement the parametric bootstrap in the lizard sex ratio case,
we would generate replica datasets by drawing samples of size n from Bernoulli(p),
where 7 is the size of the original dataset and p is the fraction of male lizards in it. To
implement the non-parametric bootstrap, we would generate replica datasets by drawing
(with replacement) samples of size n from the actual dataset. Since the probability of
any particular resampled lizard being male is precisely p, this second procedure is
mathematically equivalent to the first.

As discussed in the text, the plug-in method lets us calculate exactly what the variance
of our sex ratio estimator would be if the true fraction of males was p. Since the
exact calculation is straightforward in this particular case, it is a better bet than the
computationally expensive and inexact bootstrap procedure. (In practice, though, using
the bootstrap would also work fine.)
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m Exercise 6.18 (a) We have

/ (')logfx(x 0) 1 Ofx(x;6)

F(x:0)dx = / D s gyax
_ /afx(x,9> .

06
—i/ﬂ .0)d
=99 ) X

0
-2
00
=O,

where to obtain the third equality we have assumed that the density family is suffi-
ciently well behaved (see postscript below) that we can swap the order of differenti-
ation with respect to 6 and integration with respect to x.

(b) We have already shown that

/ dlog fx(x;6)
a6

We now differentiate that equation with respect to 6, again assuming that we can pass
the differentiation operator through the integral sign:

[ o (LERED ) e

Sx(x;0)dx =0

00 00
ie.
9% log fx(x;6) dlog fx(x;6) 0 fx(x;6)
— 5z x(xo)+ dx = 0.
/ ( oz 1x6) a6 ag |
But since alogf;;()‘;”) = fx(l-a) 6fx{)(g;9) and hence ﬁfx(x 9 = fo(x 6)310gfx(x 9 we

can rewrite the last displayed equation as

. . 2
/ (82 logaj;;;()c,g) N (aloggz(x’g)) )fx(x;H)dx =0

from which the desired result follows immediately.

(©)

E(s(X;6)) = / $0x:0) fx (x; 6)dx

:/ alOgg);(X;H)fx(x;H)dx
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Frequentist and Bayesian uncertainty

Var(s(X;6)) = E (s(X;6)%)

- [ storstxo

L2
- [ (O i

9% log fx(x;6)

=—- | —————fx(x;0).
[ D o)
Postscript. In the above solution, we on two occasions moved a differentiation operator
through an integral sign. When is this justified? We will state (without proof) one simple
sufficient condition. Let ¢(—; —) be a function with two real arguments, where the first
takes values anywhere on the real line and the second takes values in some set ®. Then

the equality
55 oo = [ 220D

holds 1f Lo o can be bounded in absolute value by some integrable function of x; that is,
if for some integrable function g we have

'3¢(X;9)
00

for all x € R and # € ©. (If the partial derivative fails to exist anywhere, we take
it that this sufficient condition is not met.) The rough idea here is that interchanging
differentiation and integration is safe if you could replace the integral by a large finite
sum and still differentiate term-by-term without things going haywire — which is the
case as long as the integrand’s gradient in 6 stays within reasonable bounds.

< gx)

m Exercise 6.19 Since the X; are i.i.d., we have
] n
Var(1(X)) = — Z Var(X;)

1

= ;no-(r)2
1

= —0’(7‘)2,
n

where o (7)? is the variance of an exponentially distributed random variable with scale
parameter 7. Let X be such a random variable. It is straightforward to verify that

e 1 X
E(X) :/ x—e T =71
0 T
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and
0 1 X
E(X?) :/ xP—e T =272
0 T
Therefore
o(1)? = Var(X) = E(X?) - E(X)? = 72,
and so
2
Var(1(X)) = —.
n

Thus the standard error of estimator #(X) is

se=—.
\Vn
The only difference between this exact formula for the standard error and the approx-
imation derived in the main text is that the latter has ¥ (which can be calculated from
data) in place of 7 (which is unknown).

m Exercise 6.20 (i) The score function is

dlog fx(X;p)
op

= ai[X1ogp+(1 - X)log(1 - p)]
p

s(X;p) =

It is easy to check that E(s(X;p) = 0, as expected. (Recall that in this context
all expectations and variances are taken with respect to probability mass function
Jfx(=; p).) The Fisher information is

7 (p) = Var(s(X; p)) =E (s(X; p)?)

(i1) Given n observations of i.i.d. random variables Xi, ..., X,, with common distribution
Bernoulli(p), the maximum likelihood estimator of p is p = ﬁ >, X;. The normal
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approximation to the estimator’s standard error is

G = 1 =/p(1—p).
ynI(p) n

This matches the exact expression derived in Section 6.4.1. (Here as there, we in

practice would plug in p for p.)

m Exercise 6.21 Since the Bernoulli mass function is

fxio(x]0) = 6% (1 - 0)' ™,

we have
log fxje(x|0) =xlog6 + (1 —x)log(l —0)

+log(1 - 6).

:xlogl_g

Exponentiating both sides yields the desired result. We therefore recognise the Bernoulli
family of distributions as a one-parameter exponential family with

h(x) =1,
0
0) =log ——
n(f) = log T,

T(x) =x,
A(0) = —1log(1 - 0).

m Exercise 6.22 Since the probability density function of an exponentially distributed

random variable is
fxie(x]0) = O

— e—0x+10g 6’,

we have a one-parameter exponential family with

h(x) =1,
n(0) = -6,
T(x) =x,

A(0) = —log¥.
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m Exercise 6.23 We have
fxie(x10) = h(x) exp (n(6)T (x) — A(6))

N 0
= exp | x log + Nlog(1-6)
X 1-6

e oo

= (N)Hx(l )R

X

which we recognise as the binomial distribution.

m Exercise 6.24 The posterior (given a Gamma(1, 1) prior) is

ONX =x} ~ Gamma(l +in, 1 +n).

i=1
Using the data given, we find )}/, x; = 11 and n = 10. Thus
O{X = x} ~ Gamma(12,11).

The posterior mean estimate is therefore 6 = 1—% ~ 1.09.

m Exercise 6.25 As noted in Exercise 6.23, the binomial family for fixed » is a one-
parameter exponential family with 1(6) = log(6/(1 — 8)) and A(8) = —nlog(1 - 6).
The conjugate prior is therefore

fo(0) < exp (vlog(1 — 9) + Anlog(1 — 9))
6 \" N
- (55) a-or
— 91/(1 _ Q)An—v,

which we recognise as a beta distribution (see Box 6.6).

21
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Frequentist linear regression

m Exercise 7.1 Starting from the definition of variance, we have

—E anx,.—E Zx
i=1 i=1
n n 2
-E ZX,-—ZE(X,-)
i=1 i=1

n 2

S

i=1

Var

2

=E i (X; —E(X)))

-E Z(x E(X))ZX ~E(X)))

| i=1

. Z Z E [(X; - E(X) (X; - E(X,))]

i=1 j=I

= i i Cov(X;, X))

i=1 j=1

= ZVar(X)+ZZ Z Cov(X;, X;),

i=1 j=i+l

where in the final equality we have split 3};; >, Cov(X;, X;) into two terms, the first
covering cases where i = j, and the second the remaining (i # j) cases.

m Exercise 7.2 (a) The likelihood is
(yi — Bo — Bix;)?
L(Bo, B1,0) = l_[ \/— exp [—T]

1 T i
T (2n02): eXP | =52 ;()’z Bo — Bixi) l )

22
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(©

Frequentist linear regression

The log-likelihood is
n 1 +
L(Bo, Br1,07) = ) log(2710?) — 202 ;()’i - Bo — Bixi)’.

The values of B, and §; that maximise the log-likelihood (and hence also the like-
lihood) are, irrespective of o, the values that minimise Y7, (v; — Bo — Bix;)>. We
can also write that quantity as >.', (8o + B1x; — y;)* (this makes the calculus in (c)
slightly tidier). Either way, we recognise it as RSS(Sy, 81).

The RSS is an upward curving quadratic function of Sy and 8;, so any stationary
point will be a global minimum. We have

ORSS o
o =2 +p1Xi — Yi)s
9o ;:1 (Bo+ B Vi)

so the maximum likelihood estimates 3, and /3, satisfy
Z(/?o +fix; — y:) =0,
=l

or equivalently (dividing by n and rearranging)

A A

Bo=Yy—pBix.
We also have
ORSS

9B

so the maximum likelihood estimates 3, and /3, also satisfy

=2 Z(ﬁo + B1X; — yi)Xi,
=

Zn:(ﬁo +Bix; — yi)x; = 0.
i=1
Substituting in our expression for 3, in terms of 53;, we have
Zn:(y - Bix+ Bix; — yi)x; =0,
i=1
which we can rewrite
Zn: (- yi+Bi(x; —%)) x; =0,
(=l

or equivalently

n

F-yi+pi(xi — %) (x;, —%) =0,

i=1
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where in the last step we have exploited the fact that the sum of deviations from the
sample mean is zero. Rearranging the previous equation, we obtain

4 = Y (i = %) (yi = )
1 i (i — X)2 .

m Exercise 7.3 (a) The partial derivatives are

ORSS <
Y~ = 2 i~ Ji
B0 ;:1 (Bo+ Bixi —yi)
and
ORSS

T = 2;(&) +B1x; — yi)Xxi.

Thus the maximum likelihood estimates £, and f; satisfy

Z(/% +,é]xi -yi)=0

i=1
and
Z(/?O +Bix; — yi)x; = 0.
i=1
Since for each i we have y; = BAO + ,3 1X;, the last two equations can be written
Z@i - yi) = in(ffi -yi)=0.
i=1 i=1

It follows that

=

because

=
=

Yi(yi— i) = (ﬁo +,élxi)(Yi -9
= —BAO Z(yi - ¥i) _,él in(fi - i)
i=1 i=1
=—Box0—B1 x0
=0.
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(b)
Zn:()’i -3)(i—y) = Zn: Yi(yi—=3i) -V Zn:(yi -9
P = =

=0-yx0
=0.

m Exercise 7.4 (a) The Pearson correlation between Y and X is
Dt 5k = %) (yx = ¥) _ 2 (ke =Gk = 3)
\/22:1 (xk = %) X Ok = 9)? noy

and from equation (7.2) in the main text we have

b=

4 = Lieet = D) G =) _ Bk = DO =)

Dot (X — )2 - no}
Thus
. PO
pr=—=.
Oy
(b) We have

RSS = > (5i - y:)?
i=1

= Z(BAO +,élxi - Yi)z-
i=1

But also, from equation (7.3) in the main text,

Bo=Yy—pBix.
Thus

RSS = Z(y _B\lf +,é1xi = yi)z
i=1

=ZmMr@%mﬁW-
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(©)
n pAa_ 2
i=1 Ox
ﬁZ’\Z n n ﬁa— n
=3 =D Y =3 =2 Y = D (i - )
X =] i=1 =1
A2 AD A A
_ PO o o O Ao =
= 2 noy +noy —2 5. npc,ay
=np’oy +néy - 2npo;
=noy(1-p%).
(d)
RSS nG}(1-p%)
Walle e il o ———— il = (Il = 5") = "
TSS no2 (1-p)=p

y

2

m Exercise 7.5 Here we flesh out the sketch provided in Box 7.3. We have
¢

| &

2 Xi_;;Xj

cZn: X§+% anxj
Jj=1

i=1

1(X)

n
1

2
2 n
—r—lx,.jzz;xj

2

(Ll
g
2%

+

|

=c ;Xi_;

The expectation of this estimator is

S

i=1

E(t(X)) =c

" 1
Z E(X?) - -E
i=1 Z

> %2
i=1

Since any random variable Y with well-defined variance satisfies E(Y?) = Var(Y) +
E(Y)?, for each i we have

E(X?) = 0% + u?.
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Also

E

(Zn: X,
=

—var() ) + (0
i=1

= no? + (np)?,

where to derive the last equality we used the fact that variance is additive for independent
random variables. Putting it all together, we obtain

E(1(X)) = ¢ [n(az ) =m0 W)]

=c(n-1)o?

m Exercise 7.6 'We have
E ((g(x;t(D)) - g(x) - &)’|D) = (g(x;t(D)) - 9(x))°
+E(E%|D) ~ 2(g(x; (D)) ~ §(x)E(E|D).
But since test noise is independent of training data, we have
E(E2|D) =E(&%) =o?, E(E|D)=E(&E)=0.
Thus
E ((g(x; (D)) — g(x) = €)’D) = (g(x; (D)) ~ g(x))* + 7.
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Directed graphical models

m Exercise 8.1 A third factorisation is

fxy.z(x,9,2) = fzixy (zlx, ) fxiy (x]y) fr (3):

N

©)
-
®
©

the corresponding DAG is

m Exercise 8.2

m Exercise 8.3

@

m Exercise 8.4

fwxyzw,x,y,2) = fW|Z(W|Z)fZ|X,Y(Z|x’ V) fr (¥) fx(x)
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m Exercise 8.5 (a) Starting from the definition of conditional probability, we have

(b)

()

fxy.z(x,y,2)
fr.z(y,2)

_ Jxyiz(x,y|2) fz(2)

 frz(n2)

_ Jxyiz(x,y|z)

- fr.z(y,2)/ fz(2)

_ JSxrz(x,yl2)

- Triz(y12)

Alternatively, one can observe that for any fixed z, fx y|z(x,y|z) is a well-defined
joint probability density for X and Y. The desired result is then just the definition of
the associated conditional probability density of X given Y.

From the result in (a), we have

fxiv.z(xly,z) =

fxviz(x,¥|2) = fxyv.z(x]y, 2) friz(¥]2)-
Therefore, if fx|y,z(x|y, 2) = fxjz(x|z), it follows that
fxyiz(x,12) = fx1z(x12) fr1z(¥|2)-
Substituting fx|z(x|2) fr|z(y]z) for fx yz(x,y|z) in the result proved in (a) yields

fxiv.z(x]y, 2) = fxjz(x]2).

m Exercise 8.6 (a) We need to show that the node sets X and Y are d-separated by the

(b)

(©

conditioning set W. There are only two undirected paths from X to Y, one via W and
the other via Z. The path via W contains the fork X < W — Y. Since W € W, that
path is blocked (i.e., is d-separated) by the conditioning set. The path via Z contains
the collider X — Z « Y. Since neither Z not any of its descendents lies in W, that
path is also blocked. Thus X and Y are indeed d-separated by W, and we conclude
that X L Y|W.

We need to show that the node sets W and Z are d-separated by the conditioning
set X, Y. There are only two undirected paths from W to Z, one via X and the other
via Y. Both paths contain a pipe whose middle node lies in X, Y, which established
d-separation.

We need to show that the node sets V and Y are d-separated by the empty conditioning
set 0. That means we need to show that every undirected path from V to Y contains
a collider. There are only two undirected paths from V to Y, one via W and the other
via Z. The path via W contains the collider V — X <« W. The path via Z contains
the collider X — Z « Y — so we are done.
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Bayesian linear regression, priors, and regularisation

m Exercise 9.1 (a) x"xf=x"x(x"x)'x"y=x"y

(b)

()

We begin by expanding the scalar product,
-xB"(y-xB) =yy-yxB-B'x"y+B'x"xp
=B'x"xB-2y"xB+y"y,

where in the second equality we have used the fact that y”x B is a scalar, and hence
equal to its transpose BT xTy. Next we use the multivariate ‘completing the square’

identity from Box 8.2, with B, x"x and x 'y serving as z, S and b, respectively. That
gives us

-xB) ' (y-xB =B-B'x"x(B-B) -y'xB+)y.
But from (a), we have f7x”y = B7xTx B. Since this quantity is a scalar, we also

have y"x 8 = B7x"x . We can therefore write the scalar product as

-xB"(y-xB) =B-B'x"x(B-B+)'y-B'x"xp.
Expanding the right-hand side of the equation we wish to prove gives

(y-xB)"(y-xB)=y"y+p x"xB-2y"xp

where in the second equality we have used the fact established in (b) that y'x B =

B"x"x B. Using this result, we can rewrite the scalar product in (b) as
(-xB) ' (y-xB) =B-B)'x"x(B-B+(-xB"(y-xp).

which is the desired identity.

m Exercise 9.2 Starting from the standard form of the multivariate normal density, we

30
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have
5 _ 1 1 2 2
NBIB, o> (x"x)™) = —— exp (‘ﬁw -B)'x"x(B- B))
(2m) 7 /det(o?(xTx)") o
1

p(-52 (8- H'5x(6- B)

p+l

= ex
(27) % /o 2P+ [det(x Tx )

ydet(xTx) 1 5 5
= T SXP (——2(ﬁ -p)'x"x(B- /3)) ;
2n)5 20
where in the second equality we have made use of the properties of determinants
mentioned in the question. We can therefore rewrite equation (9.14) as

L(B.o)= N(BIB.o*(x"x)™)

oo “P\"20% ) Rt
1 2 . )
RCE U Ty (532 Mepih. ),

which matches equation (9.15). (We used the definition v = n — p — 1 in the final step.)

m Exercise 9.3 The densities referred to in this solution are conditional densities with
Y and X given. To keep notation simple, we will suppress the conditions, writing e.g.
fi (o) rather than fyy x (0]y. x).

Applying the change of variable technique described in Appendix A, we have

f2(2) = (D)

ve 2\ 1
=cz % exp (—%) Ez_l/z

2

= -(3+) vy
- St e 22).

m Exercise 9.4 We have

v vs?
fwx(oly.x) =201G (o?|5, —
- 22
(vsz)v/2
2 , Vis2
= 2 2 _(1"’5) 2
T ) TR
2 v/2
D
= ﬁa(vﬂ) ex _V_s2
r'(v/2) 22"

Comparing this to equation (9.19), we obtain an expression for the normalising constant

31
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¢ in the latter:

2(#)”

T TO2)

m Exercise 9.5 We begin by noting that the numerator in the exponent of equation
(9.25) can be written

V-xB) (y-xB+AB I B=B (x"x + U )B-2y"xB+)"y.

Next we use the multivariate ‘completing the square’ identity from Box 8.2, with B,
xTx+AI . andx "y serving as z, S and b, respectively. That lets us rewrite the expression
above as

T
@—Q%+MJEQ)@Q+MJ@—Q%+MJ&Q%ww,

where the term denoted ‘const’ has no dependence on B. It follows that the density
(9.25) is multivariate normal with inverse covariance matrix X! = (r%()ﬁ Tx + Al ,),
hence £ = o(x"x + L)', and mean u = SEx"y.
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Bayesian methods

m Exercise 10.1 For density estimation, normalisation requires that

. / £(6)fo(8)d6
:/ﬁ@@mm@w

- / fox (6.x)d6
= fx(x).

For regression or classification the reasoning is similar, but the likelihood £(€) is now
frixe(y|x, @) rather than fx e (x|6). The result is

c= [ forx®.y1£)d0 = frix 31x).

m Exercise 10.2 The factorisation implied by the DAG is
fx.p.a8(x,p, @ B) = fxip(x|p) fpia,5(pla, B) fa(a) f5(B).

By the definition of conditional probability, we therefore have

Ixip(x|p) fria.8(Pla, B) fa(@) f5(B)

fas(a,p) '
But the DAG also implies that A and B are independent, i.e. that fx g(a, B) = fa(a) f5(B).
The previous equation therefore reduces to

fx,P|A,B(X» pla,B) = fle(X|P)fP\A,B(P|0/»/3)-

fX,P|A,B(-x’ pla’ ﬁ) =

m Exercise 10.3  Since S is a Markov process, for every positive integer m we have

FxoXon X (XmlXo0s -« s Xmo1) = fx, 1% (Xm|Xm=1).

This is the Markov property. Using it, the factorisation given in the exercise simplifies

33
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as follows:
I x, (X0, o X)) = fx.xo...., X, (XnlXo0, o X021) fxo, x, (X055 X01)
= anan,l(xn|xn—l)on ..... X1 (X0, -+ .. Xp-1).

But we can repeat the trick, because the final factor in the above equation (fx,, . x,_,)
factorises in a similar way. We therefore have a recursion, which bottoms out at

n-1

m Exercise 10.4 Suppose first that fy (x) > f5(y). Then the acceptance probability
rule in Box 10.4 gives

x ()
a(x,y) = =
fx(x)
and
a(y,x)=1.
Consequently,

a(y,x) fx(y) = a(x,y) fx(x) = fx(»).

Now suppose instead that fy (x) < fy(y). Then the acceptance probability rule in Box
10.4 gives

alx,y)=1
and
fx (%)
a(y,x) =2 ——.
Ix()
Consequently,

a(y,x)fx(y) = a(x, ) fx(x) = fx(x).

m Exercise 10.5 If the current location is x and the step size is b, then the candidate
random vector is

Y=x+ st
where Z, ~ N(0, b*I). We need to show that if f5 is continuous, then for any € > 0,

. fx(x+Zp)
e e

To do that, two observations suffice. First, for any 6 > 0,

lim Pr(|Z,] <) = 1.

>1-€|=1.
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Second, continuity of fy implies that for any given € > 0, a 6 > 0 can be fixed such
that |Z,| < ¢ implies |fy (x + Z;) — fx (x)| < efx (x).

m Exercise 10.6 (a) We have

N

E(S) =E (Z Ai) = EN} E(A;) = 0.
i=1

i=1

Since by definition Var(S) = E(S?) —E(S)?, the previous result implies that Var(S) =
E(S?). Finally, since Aj, A, . .., Ay are i.i.d., we have

N
Var(S) = Z Var(A;) = Nb°.

i=1

(b) Passing now to the multidimensional case, we have

S

i=1 j=1

E(STS)=E

N

DT E(ATA))

i=1 j=1

~
1l

I
—_

~

]
—_

N
db*s;; = )" db* = Ndb”.
i=1

m Exercise 10.7 Using Bienaymé’s identity and the fact that

we have

n

n! Z@i

i=1

Var =n"2Var

i=1

n-1 n

=n"2 |nVar(®) +ZZ Z Cov(0;,0))
=1 j=i+l
n-1 n

= n"2 Var(©) n+2Z Z o(j-i)].
i=1 j=i+l
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But
n-1 n n-1 n-i
D> pi=iy=)> p()
i=1 j=i+l i=1 7=1
n-1n-t

=22,

=1 i=1
n—1

= (n-1)p(v),
7=1

where in the second equality we have flipped the order of the two summations. Plugging
this result into our previous expression for Var (n~! Y)I; ©;), we obtain

n—1

n +22(n —7)p(71)

7=1

1+z;(1 - )p(v)

n

n! Z@i

i=1

Var =n"?Var(0©)

_ Var(0)
T oon

m Exercise 10.8 We can write the desired variance as
Var(XA - XB) = COV(XA - XB, XA - XB)
= COV(XA, XA) + COV(XB, XB) - 2COV(XA, XB)
= oj + 0'12; —2Cov(X4, XB).
But by the definition of correlation,
_ COV(XA9 XB)
- s
and so Cov(X 4, Xg) = poaop. Thus

Var(X, — Xp) = o-ﬁ + o-é — 200 40B.

m Exercise 10.9 The probability that R lies between r and r + dr while W lies between
Y and ¢ + dy is frw(r,¥)drdy. But using the given normal density and the fact that
the region we have described has area rdy dr, this probability is also

2
72

e 257

rdydr.

2n0?
It follows that

—Z
re 202

fR,\P(r7 (p) = A

2no?’
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and that the marginal density of R is

2

fe@) = [ frnlrp)dy = Lo,

0
i.e. R ~ Rayleigh(o).

m Exercise 10.10 If R ~ Rayleigh(o), then
©rl 2
E(R)z/ —e 27dr
0 a
1 ® 2
=V2no / r—ze_ﬁdr
0

2o o
V2l 1 © 2
— Yo / rle” 22 dr
0 2\2n0 J-w
V2nl ,
=——0

o 2

m Exercise 10.11 Since R ~ Rayleigh(o-), we have
ro_2
fr(r) = pe_m-

We now wish to change variables to Z = R?. Applying the change of variables technique
described in Appendix A, we find

F2(2) = fa(@) L2
dz

= ——e¢ 20?7

= ——¢ 202,

We recognise this as an exponential density. Specifically, Z ~ Exponential (217)

m Exercise 10.12  If X ~ Gamma(a, b), then E(X) = § and Var(X) = ;5. The standard
deviation is of course the square root of the variance. We therefore have

e M,: prior mean 2, prior standard deviation V2~ 1.41
e M;: prior mean 2, prior standard deviation V20 ~ 4.47
e A: prior mean 2, prior standard deviation V40 ~ 6.32
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m Exercise 10.13 (a) Using Box 9.3, we have u = a/b and 0*> = a/b>. These formulae

imply
12

o?’

e
o2’

b=

a =

(b) Box 9.3 also tells us that m = (a — 1)/b. Combining that with the variance formula,
o0? = a/b?, we deduce
o a

me (a-1)?"

or equivalently

The roots of this quadratic are

m? [ 4o?
=1+ —[1x4/1+—].
a 20'2( m)

However, we know that @ > 1 (because the mode is non-zero). We can therefore
discard one of the roots, concluding that

m? 402
a=1+r‘_2 1+ 1+W

and

m Exercise 10.14 The likelihood function is

ni

.E(/l) = 1_[ (/l exp(—/lzij)) =" exp (—/l 2 Zij) .
=i

j=1
Combining this with the A ~ Gamma(a, b) prior and recalling that
posterior oc prior X likelihood,

we deduce that

faiz(4lz,) o« A9 Lexp(=bA) x 2™ exp (—/l zl-j)
1

= /ln,'+u—] exp (—/l (Z Zij + b)) .
=1
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We recognise this as the density of a Gamma (n; + a, n;Z; + b)-distributed random vari-
able (see Box 9.3).

W Exercise 10.15 When i # j, all paths between {R;, M;} and {R;, M;} go via a
fork whose middle node is A or B. Since both A and B are members of {A, B}, the
d-separation theorem from Box 8.2 implies that {R,, M;} 1L {Bj, M;}|{A, B}.

m Exercise 10.16 We’ll represent the reliability of the ith manufacturer by latent
random variable M;, the reliability of that manufacturer’s jth car model by latent
random variable C;;, and the reliability of the kth individual example of that model by
random variable X;;;. Suppose for concreteness that there are two manufacturers and
that each manufacturer makes two models of car. The DAG is then

j=1,...,np j=1...,np j=1,...,ny Jj=1,...,n»n

>

where Il is a latent random variable representing the parameters of the distribution
from which the manufacturer reliabilities M; are drawn. (I1j plays the role (A, B) played
in figure 10.19.)
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Classification

m Exercise 11.1 The cross-entropy loss [(g; D) can never be negative because
D (ylogg (x)+ (1 -y)log (1-g(x)))
(x.y)eD

can never be positive (i.e., can never exceed zero). Indeed, for each (x,y), we have
log g(x) < 0 and log(1 — g(x)) < 0, because both g(x) and 1 — g(x) are probabilities.
Since y is either O or 1, it follows that

ylogg (x) + (1 —y)log(1-g(x)) <0.

The cross-entropy loss is precisely zero iff g(x) = y for every (x,y) in D, i.e. iff the
classifier always assigns 100% probability to the correct class label. (We adopt the
convention that 0 X log(0) = lim,_,¢+ x logx = 0.)

m Exercise 11.2 We have

B(1(g: D) =~ 3 EI(Ylogg (X) + (1 - ¥) log (1 - g (X,))]

i=1
= _,11 xnE[(Ylogg (X)+ (1 -Y)log (1l -g(X)],

which does not depend on #.

m Exercise 11.3 Using natural (base e) logarithms and recording results to two decimal
places, the log odds corresponding to the given probabilities are

p_ | logit(p)
1072 | -27.63
0.01 | -4.60
052 | 0.08
053 | 0.12

So a change in probability from 10~'? to 1% corresponds to a much greater change in

the log odds than a change in probability from 52% to 53%.
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m Exercise 11.4 From equation (11.8) and the definition of the o~ function in equation
(11.7), we have

1
g(x: B0, B) = 7

+ e~ (BotBTx) "
From that we deduce (after a little algebraic juggling) that
1 —g(x; B0, B) = 11 ohibx’

Plugging these results into equation (11.3), and remembering that log(1/x) = —log(x),
we obtain equation (11.9).

m Exercise 11.5 (a) Figure[S11.1|shows sketch plots of

] B 1
g(x;Bo, B1) = 15 o Goho

against x for two cases, §; > 0 and 8; < 0.

(a)B1>0 (b) B1<0

Xos Xos

Figure S11.1: Sigmoid functions. The value of x for which the predicted probability is
0.5 is denoted x 5.

From the equation above we see that g(x; By, 81) = 0.5 if and only if By + B1x = 0.
So assuming B, # 0, we have

Xo0.5 = —@
' B
(b) If B; = 0 then g(x; By, 0) = He;_ﬁn is a constant function, i.e. the predicted probability
does not depend on x.

(c) The log-odds is given by
logit (g(x; Bo, B1)) = Bo + Pix.
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Thus the change in x required to increase the log-odds by one is
1
Oy = —.
B

Notice that d, has the same sign as ;.
(d) The required probabilities are

1
5.: Bo. Bl) = —— ~ 0.731
g(x0.5 + 03 Bo, B1) 7o

and
1
8(x05 — 05380, B1) = - ~ 0.269,
+e
as shown graphically in Figure[S11.2)
(@) B1>0 (b) B1<0
1 1]
0.7311 4 0.7311
5 | 5
& 05 | S 051
o >
0.269 1 i 0.269 1
; : 0

Xo.5

Figure S11.2: Sigmoid functions. The value of x for which the predicted probability is

0.5 is denoted x( 5. The log-odds here is zero. Flanking tick marks show values of x
corresponding to log-odds of -1 and 1.

m Exercise 11.6

[(Bo, P13 D) = % Z (y log(1 + e~ Bo*F) 1 (1 = y) log(1 + eﬁo+ﬁw<)) ‘

(x,y)eD

m Exercise 11.7 If the initial predicted probability is p and the log-odds increase by
A, the new predicted probability is

, 1
p = 1+e—(log$+A)
__ pe
S l+p(er-1)

Plugging p = 0.4 into this formula, we find that
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(a) A =1.08 implies p’ ~ 0.663, and
(b) A =0.037 implies p’ = 0.409.

m Exercise 11.8 Following the hint in the question, we note that

exp (—nl*) =exp(-AB) exp| > (vlogg(x: Bo, 1) + (1 - y) log(1 = g(x; o, 1))
(x,y)eD

=exp(-28) [ ]| &(x:B0, 817 (1 - g(x: Bo. B1))' .

(x,y)eD

Now, the product
1—1 g(x; Bo, B1)” (1 = g(x; Bo. B1))' ™

(x,y)eD

is just the likelihood L(Bo,81; D), while exp(—1B7) is proportional to a Gaussian
prior density on 8; — specifically, a zero-mean prior with variance ﬁ Maximising
exp (—nl?) is therefore equivalent to doing maximum a posteriori inference with that
particular prior.

m Exercise 11.9 It would mean that there exists a S such that, for some scalar c, the
hyperplane defined by the equation

Bix=c

perfectly separates the two classes.

m Exercise 11.10 Unregularised cross-entropy is a pure measure of predictive per-
formance. Classifiers trained by minimising unregularised cross-entropy may overfit to
their training data, meaning that their predictive performance is much worse on vali-
dation data than on training data. Moreover, when training data is linearly separable,
the problem of minimising unregularised cross-entropy becomes ill-posed. To reduce
the risk of overfitting and to ensure well-posed optimisation problems, we can use a
regularised cross-entropy loss in training. However, there are no analogous reasons for
including regularisation penalties in validation scores. When we are assessing a trained
classifier’s performance on validation data, pure predictive performance is what we care
about.

m Exercise 11.11 (a) Inthe A — oo limit the 2||B]|* term (which scales with 1) domi-
nates the /(By, B; D) term (which does not). So for any fixed S8y, we have

A
lim argmin | ~|||I* + (B, B; D) | = 0.
A—00 B n

The desired result follows from this.
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(b) The predicted probability g(x; 3o, 0) does not depend on x; it is the same for every

example in the training set. So, rather than first computing B, = arg min /(83, 0; D)
Bo

and then using this to compute g = g(x; o, 0), we will just directly find the probability
g that minimises

Hg:D)=-= 3 (vlogg+(1-y)log(l - g)

(x.y)eD
=-mlogg — (1 —m)log(l — g).

It is clear from the second equality above that [(g; D) is a convex (upward curv-
ing) function of g. Thus, any stationary point will be the unique global minimum.
Differentiating, we find

1_
I(g:D)=-2+ =
g 1-

Solving I’(g; D) = 0 therefore yields

m Exercise 11.12 The components of E(Y) are the base rates of the classes. That is,
E(Y); = E(Y))

is the probability that an individual drawn from the relevant population (i.e., a realisation
of random vector (X, Y)) belongs to the ith class.

The components of E(Y|X = x) are the conditional probabilities of the classes given
X=x.

m Exercise 11.13 Consider one term in the sum in equation (11.15). It is, for some
particular (x,y) in D,

K-1

Y logg(x) = ) y;logg;(x) = log g, (x),

j=0
where y (without boldface or subscript) denotes the unique integer j € {0,...,K — 1}
for which y; = 1; in other words, y is the integer class label corresponding to the one-hot
vector y. Equation (11.15) is therefore equivalent to equation (11.14).

m Exercise 11.14 From the definition of softmax, we have

K-1 K-1 s
Z softmax(s); = Zio € _
2

K-1 .
i=0 j=0 €

Moreover, it follows from the strict positivity of the exponential function that every com-
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ponent of softmax(s) is a non-negative number. Thus softmax(s) is indeed a probability
vector.

m Exercise 11.15 We wish to show that for any scalar c,
softmax (s + c1) = softmax(s),

where 1 is the K-dimensional ‘all ones’ vector. So, let i be an arbitrary component index
in {0,...,K — 1}. We have

esite

K-1 g.+c
Zj:o e’
e‘e’i

softmax(s + c1); =

e 2j% e
e’i
= ———— = softmax(s),.
21.(761 esi
=

Since i was arbitrary, this establishes the desired result.

m Exercise 11.16 The log odds between classes i and j is

8i(x; Bo. B) | softmax (B + B x);
0% gj(x;ﬂo,[_?) =08 softmax(ﬂ0+[_3x)j

o PotBx)i
=log|———
(e(ﬂo+ﬂx)_i )

= (Bo + Bx)i — (Bo + Bx);.
The change in log odds associated with a change Ax in x is therefore

(BAX); = (BAX); = D" (B — Bj)Ax:.
)

In particular, a unit increase in x; (with other components of x held constant) corre-
sponds to a shift in the log odds between classes i and j of §;x — 5.

m Exercise 11.17 (a) Consider an arbitrary point on the line segment joining x; and
X,. It can be written

x=ax;+ (1 —a)x,

for some scalar @ € [0, 1]. The ith component of the score vector at this point is
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(b)

(©
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therefore
si(x) = B + BT (axy + (1 - a)xy)

CY(ﬁ(()l) +ﬁ<i)Txl) + (1 _ Q)(ﬂ(()l) +ﬁ(i)Tx2)
asi(xr) + (1 = a)s;(x2).

In other words, scores for points on the line segment interpolate linearly between the
scores at the end points. It follows that if

arg max s;(x;) = arg max s;(x,) = J,
i i

then also

argmax s;(x) = j

for every x on the line segment joining x; and x,. This shows that logistic regression
decision regions are convex.

At any point x lying on the boundary between the ith and jth decision regions, the
ith and jth components of the score vector must be equal. That is

’3(()1') +B(i)Tx =ﬁ(()j) +ﬂ(j)Tx’
and therefore

(ﬂ(i) —ﬂ(j))Tx :IB(()J') _ (()i)'
When the feature space is two-dimensional, this implies that every point on the
boundary between the ith and jth decision regions lies on the same line. By way of
reasoning similar to that in (a), it is easy to show that the set of such boundary points
must be convex. That means the boundary must be a line segment, a half line, or a
line.
In general, in a p-dimensional feature space, the equation we wrote down in (b) implies
that every point on a boundary between two classes lies on a specific hyperplane.
Hence, the boundary is a convex subset of that hyperplane. (In fact it is a convex
polytope.)

m Exercise 11.18 (a) No. It is clear from Figure 11.6 that no partitioning of the plane

(b)

into convex decision regions (see previous exercise for definition of convexity) can
possibly achieve 100% accuracy.

Consider a multinomial prediction function g(—; By, B) with By and B chosen to
achieve 100% accuracy on the simultaneously linearly separable dataset. Now con-
sider making the updates

Bo < cPo,
B cB.

where ¢ > 1isascalar. The resultis that for every x, the score vector Sy+/ x is inflated
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by a factor of c. This does not affect decision boundaries (because arg max s;(x)

remains the same for all x), but it does sharpen the transitions in predicted plrobability
as decision boundaries are traversed. It therefore reduces the unregularised cross-
entropy loss. Since we can repeat this procedure ad infinitum, the unregularised
cross-entropy loss minimisation problem is ill posed.

m Exercise 11.19 Consider a training point that is taking its turn as a prediction target
during cross validation. Suppose the point is an outlier in the sense that none of its
nearest neighbours in the training folds match its class. A k-NN classifier fitted to the
training folds will assign zero probability to the correct class in this case. However well
the classifier does with the other points, the cross-validated cross-entropy loss will be
infinite.

When working with large datasets and challenging classification tasks, the situation
envisaged here — infinite cross-validated cross-entropy loss for k-NN — is not a rare edge
case: it is the norm, because just one outlier point is enough to throw a spanner in the
works. Cross-validated cross-entropy loss is therefore not a useful performance metric
for k-NN.

m Exercise 11.20 A k-NN classifier with & set too high underfits the training data.

m Exercise 11.21 k-NN decision regions are not constrained to be connected. A
decision region corresponding to a particular class could indeed consist of two or more
disconnected blobs.

m Exercise 11.22 Dialect is a nominal (as opposed to ordinal) categorical variable,
meaning that there is no natural order on its six levels.
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Unsupervised learning: a deeper dive

m Exercise 12.1 The sum on the left-hand side of the equation we wish to prove can
be rewritten as follows:

Dol —xilP = ) e = %) = (e = E)IP

i,jeCx i,jeCx
= > [l =2+ 116y = EIP - 26x; - %) (x; = ¥0)]
i,jECk
=2|Cel D i —X)IP =2 ) (i~ %) D (x; — %)
ieCy ieCy JjeCy
=2|Cel D llGx: = %),
ieCy

where in the final step we have used the fact that

Z(x, —X) = Z x; — |Cr|%x = 0.

J€Ck J€eCr

1 2 = 112
— E x;—x;||° = E x; — x|

i,jeCy ieCy

It follows that

m Exercise 12.2 We have

s/2 s
s/2
_- [lbg]
s |3 52
12

48
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Passing now to the random vector, we have

E(IUI?) =E( ), U;

/2
=1

1

)

p
ps
1

E(U?)
1

2
R

m Exercise 12.3 As noted in the text,

fx(x) = fx(x;0),

and in general we have

K
Faz(xlz) = | | NGl o).
k=1

In the case specified in the question, z; = 1 and z; = O for all i # k. The previous
displayed equation then reduces to

fxiz(x12) = N (x|, o).
Moreover, in this same special case, fz(z) = m;. Putting it all together, we have

fxiz(x12) fz(z)  mN (x|, o)

fx(x) - fx(x:0)
m Exercise 12.4 If we treat K as a parameter alongside ny, ..., 7k, fy,..., Ug and
oy, ...,0k and attempt to find a set of parameter values that maximises the likelihood,
we will find that the likelihood can be increased without bound by setting K = n, placing
one Gaussian blob on each training data point (say, g; = x; for i = 1,...,n), and

shrinking every o; towards zero. Such models will perform disastrously on validation
data, because they assign negligible probability density to points that are not in the
training set.
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m Exercise 12.5 We derive the elementwise equivalent of equation (12.17) as follows:

[y = 5 lxxl;
=Y lalxly
k=1
1 n
o Z[Jﬁ]ki [x Tk
k=1

1 n
S = Zinij.
n
k=1

m Exercise 12.6 (a) Figure[ST2.T|covers part (a) and part (c) of this exercise.

A
X
2
%
-5
b
—>
1 2
X1

Figure S12.1: Orthogonal projection of the point x onto the one-dimensional subspace
spanned by the unit vector b.

(b)
0.64 0.48
E= (0.48 0.36)

©
F=(1.6,12)7

m Exercise 12.7 (a) The entry in row i and column j of BT B is

P
[B"B];; = Z By By,
=1
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which is the inner product of the ith and jth columns of B. Since the columns of B
are the basis vectors of an ONB, this inner product is one if i = j and zero otherwise.

So
[B"Bli; = 6ij»

or equivalently
B'B=1.

where I is the M X M identity matrix.
(b) We have
%' (x-%)=(BB"x)"(x -BB"x)
=x"BB"(x - BB"x)
=x"BB'x -x"BB"BB'x
=x"BB"x -x"BB'x

=0,

where in the penultimate equality we have used the result proved in (a).

m Exercise 12.8 'We have
e =v|* = llu|l® + V]I - 2v"u
= lull* = |IvlI* +2[v]]*> - 2v"u
= [lull® = pI> + 20" (v —w),
where in the last step we have used the fact that ||u||*> = vTv.
In the special case where u = x; and v = X;, this becomes
lloe; = £ 117 = Ilx 117 = I1%:]1° + 28] (% — x;)
= |lxil1* = [1%: 1%,

since ¥/ (¥; — x;) = 0 by the previous exercise.

m Exercise 12.9 This is a simple consequence of the fact that BT B = I (see Exercise
12.7). For we have
I1° = 1Bzl
=z'B"Bz
=z7'Iz

=z"z = |IZ]*.
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Neural networks and deep learning

m Exercise 13.1 The product function (x;,x,) — xx, cannot be computed by a single
neuron. To see this, notice first that the output of a single neuron with two inputs is

Y =¢(b+wix; +wyxs)

for some activation function ¢ : R — R, some bias » and some weights w; and w;.
Now observe what happens when we try to pick ¢, b, w; and w, so that

(b +wix; +Woxy) = XX
for all x; and x,. By considering the case x; = 0, we conclude that
¢(b + Wz)Cz) =0

must hold for all x,. So either ¢ is the zero function, in which case the neuron’s output
does not depend on either of its inputs, or w, = 0, in which case the output does not
depend on x,. Neither possibility is consistent with the desired behaviour of y = xx;
for all x; and x,.

m Exercise 13.2 We have

TSS(b,W;D) =nMSE(b,W; D)

= > llyx = b - Wil

~
—_

m

Z (yki =gy = (Exk)i)z

i=1

n

(yki -b; - (Exk)i)z )
k=1

M= 1M

L

where yy; is the ith component of the kth response. The final expression above is the
sum of m residual sum of squares (RSS) terms, one for each component of the prediction
target.

m Exercise 13.3 A network consisting of a single layer of m sigmoid neurons is

52



Neural networks and deep learning

equivalent to m single-sigmoid-neuron networks in parallel — with each neuron hooked
up to the same inputs xi, ..., x,. The output of each sigmoid neuron is a number in
(0, 1), so it can be interpreted as a probability. However, there is no reason why the m
output probabilities should sum to 1, so we cannot interpret them as the probabilities
of mutually exclusive and jointly exhaustive events. This sort of network, then, is not
appropriate for multiclass classification, but might be appropriate for a task in which
probabilities need to be assigned to events that are neither mutually exclusive nor jointly
exhaustive.

m Exercise 13.4 We begin by redrawing the network in Figure 13.6b to show its
tunable parameters: four biases (b, b, and b3 in the hidden layer and b in out output
neuron) and three weights (w, w, and w3).

Linear

ReLU

Figure S13.1: The network in Figure 13.6b redrawn with additional annotations.

It is easy to verify that the network computes the desired function if we set the tunable
parameters as follows:

e b =0,w; =1;

L b2 = —0.25, Wy = —1;
L] b3 = —0.75, ws3 = —1;
e b=0.

This solution is not unique. For example, for any g > 0, we could instead set b; = 8
and b = —Bwy, leaving the other parameters as above.

m Exercise 13.5 We’ll denote the weight of the connection from the input to the ith
hidden unit wfl) , the weight of the connection from the ith hidden unit to the output
w 52), the bias of the ith hidden unit b;, the bias of the output unit b, and the number of
hidden units p.
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The ith hidden unit has preactivation
(1)

Zi:bi+wi X,

which is also its activation since the activation function is linear (i.e., is the identity
function). The network’s output is therefore

p
y= b+ Z WEZ)Z[
i=1
p
=b+ Z wl@(bi + wfl)x).
i=1

We obtain precisely the same dependence of y on x from a network consisting of a single
linear neuron with bias b + 3.7 wl@bi and connection weight Y7 | wfz)wsl). Thus, a
single linear neuron can express any function that can be expressed by the network with
a hidden layer of linear units. Moreover, the converse holds too. That is, if the bias by,
and connection weight w,, of a single linear neuron are specified, it will always be
possible to replicate the function computed by this neuron using a linear hidden-layer
network with p > 1 hidden units. The simplest (though not the only) way to do that is

to exploit only one of the hidden units. For example, we can put w}') =1, wfl) =0 for
i#1,b; =0forall i, Wgz) = Wging, and b = bgn,. (Weights wl@ for i # 1 then have no

effect on the output, and can be set to any values we like.)

m Exercise 13.6 The functions we define below both involve ‘unruly behaviour’ in a
limit.

(a) The function f : [0, 00) — R defined by f(x) = x? gets steeper and steeper without
bound as x increases, since f’(x) = 2x. Let f be a piecewise linear function intended
to approximate f. Because f has only finitely many linear pieces, it has a largest
slope. Thus f(x) — f(x) — co as x — co.

(b) The function g : (0, 1] — R defined by g(x) = 1/x becomes larger and larger without
bound as x — 0. Let ¢ be a piecewise linear function intended to approximate g.
Because ¢ has only finitely many linear pieces, lim,_,0 g(x) is finite. Thus g(x) —
g(x) > 0asx — 0.

m Exercise 13.7 Any continuous function f from a closed, bounded region A C R” to
the space of probability vectors over m categories can be represented as the composition
of a continuous function f.o : A — R™ that computes score vectors followed by the
softmax operation, i.e.

f(x) = softmax ( ficore (¥))-

Because of the fact proved in Exercise 11.5, the function f does not fix fi .o uniquely.
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If the function fi... satisfies the above equation, so does the function fscm defined by

]Fscore(x) = fscore(x) + C(x)l’

where 1 is the vector of ones and c is any scalar function. But what matters for our
purposes is existence, not uniqueness. Since we know from the UAT that a network
with the architecture shown in Figure 13.5a can approximate any continuous function
from A to score vectors, we can conclude that this same network followed by a softmax
operation can approximate any continuous function from A to the space of probability
vectors over m categories.

m Exercise 13.8 W is a p, x p; matrix, b is a p,-dimensional vector, W® is a
P3 X p, matrix, and b is a p;-dimensional vector.
Counting up all the elements of these matrices and vectors, we find that the network
shown in Figure 13.7 has
pipt+pr+p2pi+p2tp3p2tps

parameters in total.

m Exercise 13.9 (a) Consider chaining together two single-hidden-layer networks of
the kind shown in Figure 13.5a, with the output y of the first network serving as the
input to the second. We have

y=bD + WOpO
and
h® =ReLU(B? + WPy),

where b)) and W (1) are the biases and weights of the first network’s linear output
layer, b® and W ) are the biases and weights of the second network’s hidden layer,
and AV and B® are the hidden layer activation vectors in the first and second
networks. Substituting the first displayed equation into the second, we obtain

1 =ReLU (6@ + W@ () + W Vr (1))
= ReLU (b(z) +WPpM 4 W(z)W(l)h(l)) .
But this same functional dependence of #®) on k") can be obtained if the first hidden
layer connects directly to the second; we just need to use connection weights
W=w®Owb

and second hidden layer biases
b=b®+W*pM.

The desired result now follows by induction on the number of layers.
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(b) Since single-hidden-layer networks can approximate the identity function, chains
consisting of L — 1 such networks (with the output of the ith serving as input to the
(i + 1)th) can also approximate identity. Thus, by the version of the UAT given in the
text, chains of L such networks are universal approximators; thus, by the result proved
in (a), layered networks with L hidden layers of ReLUs are universal approximators.

m Exercise 13.10 For the envisaged task, 10°* loss function evaluations are required
— a hopelessly impractical proposition.

m Exercise 13.11 If VI(0; D) has remained constant for many iterations, then repeated
updating of v per equation (13.7) will have brought v close to a stable fixed point. We
can find this fixed point by recasting the update rule as an equality and solving for v.
We have

v=0v+VI
which implies
v=(1-8)"VL
The 6 update prescribed by equation (13.7) is then
0 —60+n(l-p)"Vi

This is equivalent to a vanilla gradient descent update (equation (13.6)) with learning
rate n(1 — B)~L.

m Exercise 13.12 With vanilla gradient descent, the change made to the parameter
vector 6 in any given iteration is proportional to —VI(6; D), where VI(0; D) is the
current gradient of the loss function with respect to the parameter vector. So if 8 strays
close to a bad local minimum during the training process, it will get ‘sucked in’. By
contrast, with gradient descent with momentum, the change made to the parameter
vector in any given iteration is proportional to the current velocity. The velocity changes
only gradually from iteration to iteration. Thus the parameter vector can stray close to
a bad local minimum — indeed, it could in principle hit it exactly, so that VI(6; D) is
zero for one iteration — without getting stuck.

m Exercise 13.13 The mean squared error of a prediction function g(—; @) on dataset
D = {(x[,yi)}?:] is
1
MSE(0;D) =~ . (3(x;6)-y)",
" (x,y)eD

conforming to the pattern laid down in equation (13.18). In this case, the pointwise loss
is the squared error on a specific training example, and there is no regularisation penalty.
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The unregularised cross-entropy loss of a probabilistic multiclass classifier g(—; )
on dataset D = {(x;, y;)}", (here the y; are understood to be categorical) is

1
1(0;D) = —— lo x;0).
(6:D) =~ (x%jeD 28y (x:6)
also conforming to the pattern laid down in equation (13.18). This time the pointwise
loss is the negative logarithm of the probability assigned by the classifier to the correct
label. To obtain a regularised cross-entropy loss, we would add a penalty term that
depended only on . That corresponds to setting R in equation (13.18) to something
other than the zero function.

m Exercise 13.14 Let [ be an unregularised loss function, and define the regularised
loss function /4 by
1(0;D) = 1(0; D) + A Z w2,
wew
where A is a hyperparameter controlling the strength of the regularisation. If we use /4

instead of [ in the gradient descent update rule (13.6), we find that the update for an

arbitrary weight w is
!
we—w—n— —2niw.

ow

If % were to be zero, we would have
w«— (1 =2nD)w,

which (so long as n4 < 0.5) represents exponential decay of the weight.

m Exercise 13.15 We consider a ReLU neuron with zero bias and the input weights
shown in Figure 13.14b. As noted in the figure, this is a neuron that will respond to
patches that are brighter on the right than on the left.

(a) ReLU(6) = 6

(b) ReLU(=6) =0
(c) ReLU(0) = 0

m Exercise 13.16 The penultimate layer consists of 128 neurons that each receive
inputs from all 16 X 7 x 7 = 784 units in the preceding max-pooling layer. There are
therefore 128 biases and 128 x 784 weights associated with the layer, for a total of

128 + 128 x 784 = 100480

parameters. We now look at each of the other layers.
The first layer consists of eight 3 X 3 convolution filters. Associated with each filter is
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one bias and 3 X 3 = 9 weights, so there are 8 X 10 = 80 parameters in total associated
with this layer.

There are no parameters associated with the max-pooling layers, so the next layer to
consider is the second convolution layer. Here we have sixteen filters, each of which
processes a 3 X 3 X 8 input block (corresponding to a 3 X 3 patch of image and eight
channels). Associated with each filter is one bias and 3 X 3 x 8 = 72 weights, so there
are 16 X 73 = 1168 parameters in total associated with this layer.

The final softmax layer is equivalent to a layer of 10 linear neurons (each connected
to all 128 neurons in the penultimate layer) followed by a fixed softmax operation. The
parameters associated with this layer, therefore, are 10 biases and 128 x 10 = 1280
weights, for a total of 1290 parameters.

In the network as a whole, then, we have

80 + 1168 + 100480 + 1290 = 103018

parameters.

m Exercise 13.17 The MNIST training set consists of 60,000 examples. This is much
larger than the human speech sounds training set, which consists of 1897 examples
(80% of 2371). To put the comparison another way, with the batch size set to 64, a
single epoch of training on the MNIST data corresponds to 938 batches; but a single
epoch of training on the speech sounds data corresponds to only 30 batches.

m Exercise 13.18 Strictly speaking, if ¢ is ReLU then its gradient is

sy 21 T 0
Y= N0 ifx <0,

with the gradient undefined at x = 0. However, when doing gradient-based optimisation
of neural networks it is normal to pretend either that ¢/(0) = 0 or that ¢/(0) = 1. (See
discussion in Section 13.6.)

m Exercise 13.19 Changing the dummy variable, the pointwise loss is

t= Z(Yk — higy)*.
k=1

Therefore
ot 0
=—(y; = hyn)*
Ohijy  Ohiy 05~ hiy)
= =2(y; = hii))

=2(hi¢j) — ¥j)s
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where in the first equality we have used the fact that identifiers are unique, so that
i(k) =i(j) implies k = j.



14

Expanding the toolkit

m Exercise 14.1 If the vocabulary size is [V| = 10, then there are (10*)'° = 10
random 10-word sentences. If one in a billion billion (10'®) of these are grammatically

correct, then there are

10% ”
1o = 10

grammatically correct 10-word sentences.
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